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M OW A theoretical analysis is given for 'one-dimensional laser cooling below the Doppler limit of J = ±

Sw ground-state atoms. The laser field consists of a pair of counterpropagating, linearly polarized, low-
SI power beams, whose polarization directions differ by an angle 0 (0 < 0 < 7r/2). For 0 < 1, the

IVA == effective optical-pumping time is shown to increase strongly near the nodes of the standing wave,
and the cooling force can be much larger than that for 0 = 7r/2. Moreover, for 0 < 1, it can be
shown that the stimulated V rt of the atomic diffusion is reduced considerably as compared with
that for 0 = r/2. As a consequ•'ice it is possible to achieve an equilibrium atomic distribution
that, for 0 < 1, is characterized Sy a mean kinetic energy that i lower than that predicted to l
occur for 0 = r/2. The equilibrium velocity distribution is not necessarily Maxwellian, and thus the
temperature of the atomic ensemble may not be well defined. The achievable kinetic energy is so
small that time cooled atoms may be trapped in the vicinity of the laser-field nodes.

PACS number(s): 42.50.Vk, 32.80.Pj AUG 3 1992..
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I. INTRODUCTION be optically pumped, on average, from ac-Stark-shifted

In the past several years it has been demonstrated both levels of lower energy to ac-Stark-shifted levels of higher

experimentally and theoretically that the laser cooling of energy, provided the sign if the atom-field detuning is
neutral atoms can lead to an equilibrium atomic kinetic chosen properly (so-called Sisyphus effect [1]). This op-

energy Ek much smaller than that given by the Doppler tical pumping results in a damping of the atomic veloc-

limit for two-level atoms, that is Ek << hF, where r is ity. In general, the larger the spatial modulation of the
tile spontaneous decay rate of an excited atom(ic state. It difference in ac Stark shits between the levels and theheas been shown that the sub-Doppler-limit laser cooling longer the optical pumping time, the stronger the fric-
is directly related to effects arising from the multilevel tional damping force. For weak fields, the optical pump-
structure of the atomic ground state (Refs. [1-7]). ENEl- ing time fp can be made much larger than the excited-

- state lifetime r- 1 resulting in a friction force that, for
cweat sub-l)oppler-limit cooling is obtained ising a very slow atoms, is much stronger than that in the case of
weak laser fiehl satisfying Doppler cooling.

f*2 << 62 + 2, (11) In the case of parallel linear polarizations for the fields,

wiere f = Ep/h is thle Rabi frequency, and it thle dipole there is no field polarization gradient and the friction

Moment of the atomic transition. The laser field hias an orce is similar to that for Doppler cooling. One might
think ,that as the rotati-n angle 0 between the field's po-

amplitude I and a frequency WA j, detu1ied from the glvei"ic larization vectors varies from 0 to 7r/2, the effectiveness
of sub-Doppler-limit cooling would gradually increase,

6 = W1, - wA. (1.2) achieing its maximum for 0 = 7r/2. This conclusion is
not necessarily correct. For small angles, 0 < 1, the in-

Although experiments are carried out for three- [8-1 I] tensity of the laser field varies considerably in space, and
and two-dimensional [12] field configurations, detailed tile optical pumpin,- time strongly depends on the r
analytical calculations that have been performed for one- tion of the atom. A though the ac Stark shifts diffe, only
(Iimensional cooling [1,2,4] (all atom is driven by a pair slightly for small 0, the fact that the optical-pumping
of two counterpropagating laser beams) give a fairly ac- time is increased significantly near regions of low field in-
curate description of the major features of the cooling teiisity can leau to a cooling force much stronger than
process. It has been shown that sub-I)oppler-limit laser that corresponding to 0 = r/2. Moreover, owing to
cooliig is produmced in the so-called lii.llin configuration, the decrea~se in tlue difference of ac Stark shifts, the mo-
when the laser field consists of' a pair of coumterpropa- mentum diffusion coefficient that characterizes stochastic
gating beams having orthogonal polarizations. Plor this heating of atoms is much smaller for small angles than for
comifigmration, the polarization gradient of the laser field 0 = 7r/2. The increase of tile force and decrease of the dif-
plays a central role in the cooling process. This gra- fusion may eventually lead to a lower equilibrium atomic
dietit restilts in different optical pumping rate's anid ac kinetic energy for smaller angles, than for 0 = 1 , for a
Stark shifts of tihe gromid-state siialevels, both of which range of rield intensities. It should Iy' noted, however,
are spatially Imod(ulated. When ain atomti mioves with a that, if the field intensities are chose! to minimize the

monzero velocity along dihe laser-beam direclit , it. (-al atomic kin|etic energy, optimal cooling )ccurs for 0 = .,
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It is the purpose of this paper t~o derive equations de- -/e+1

scribing laser cooling of atoms having a J = ground
state for arbitrary relative polarization angle 0. Inl de- 1 I
riving the results, one finds that standard computat ional F3-3

techniques involving continued fract ious or iterative so-
lutions are not. practical for a range of at oinic velocities.
An alternative analytical appr~ioach is uisvd to solve forg. iz+'/

lie atomic-st ate density-matrix eleinents. g / +/

Inl Sec. 11 a qualitative picture of sub-D[oppler-liniit (a)
cooling Is given for anl arbitrary relative polarizat ion anl-
gle 0 between the fields. The Fokker-Planck equat ion for
the density matrix inl the Wigner representation is de- e-3/, e- 12  e+ 1/2  e+3h

rived in Sec. Ill. Trhe results for the force, dliffusion, anid
achievable temperatures are discussed iH, Sec. IV. Conlse-
qnences and implications of the results 01)tained inl this r %5X6 6 ,r V2

paper and related phienouiena are dIiscussedl in Sec. V.

11. QUALITATIVE PICTURE -/ 9+2

The laser field is represented by a pair of plane waves ( b)
counterpropagat ing inl the -- direction. Thle dlirect ion of
linear p~olarizat ion of each field is shown inl Fig. 1 . The FIG. 2. Atomiic level scheme and ('lebsli-(-( otdami coetfi-

total electric-field amplitude i, given Ly cienllI for i*) I1 J, -k'.alld lliI. 2" 7J.=

E(I; r) = el(E - i- t+i k. + c~c.) + k2 Ec ,-k + trasitons

(2.1) consider thle case 1 /2.

wher th rel apliudeE des ot arywit t me. It. is convenient to rep~resenit t lie field (2. 1) aLs a suiii of

Inl general, the unmit polarization vectors el and e., have t wo circularly polarized fields with polarizat iomi e± such

different directions, so that that

0 .0 T(,-iy(2.1)

el=Cs2 e "+ in2 ' (2.2) v2
0 . 0 a"Iid aniplitutdes E± given bw

0' =COS -Ci - sil 23
2 (2.3)

where lie angle 0 betweein thec polarizat ion vectors is re'- 2 JL o~(

strictedl to 0 K 0 K -r/2.
Trhe laser fields interact with hil aneisemblde of atoms~ This sy,,ieni canl be regarded as consisting of two t wo-

wvhose grounmd states el are characterized hy total angular level subsystems: y - 1/2 - (1/2 and (/1/2 - (- 1/2.
iliomiment'lili *1g 1/2. '1l rndsates ar ilelk driveii by the stan ding waves E'± given by Eqj. (2.5) and

thle, inearly resonant laser fields to excited st ates (hvs"linked to each other Ib' lie tratisit ions involving olnii'sioii
total angu'llar miomient umn ., =1/2 or 3/2 [.see Figs. 2(a) of sponltaneoums pliot ons.

and 2(b). respectively]. BothI cases are similar ill man The force exertedI by the fields onl thle amoml isg iven hy
respects. Tho be specific. in I lie qualitative dhiscussioni wedla

- /z (2.6)

where II,, is the atom-field coupling given by Eq. (A5)

k ~of the Append ix, and( where ( ) inidicat es a qumantu ii inme-
k ~chanical average. In the weak-field limit defined by (0 -1).
e1 je, e one can adiabatically eliminate atomic density-matrix el-

eiment s imivolvi ug thle excited state anid obt1amn thle force
inl the formi

Y where

F. lk] .0 S)i2 I) 2A,~ "

Fit . 1. Onfm-diniemmsioioih field conihgiirtmiu. Iwo Iiuealh 3l + ["/ I
peelari-m-d fiwlds comm mterpropomgaeil ill( t-- tirein tioul %viti '11i
anmgle f0 Iiei',Vii m Immir tohl~iizmtiumm veclot.. amid
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rI,= "'+o+ + I'.p.. Tihe dIriving te cmi

- 2hi6 kf 2  
I?. -r sill0si(k)(.)

(2+~ sin 0 cos(2k:-)Il. (2.9) 71, l in(4(.S

''i'quantit-ies appearing inl Eq1s (2.8) and (2.9) are de- coincides with the di fferenice of lght. shifts of ground-state
fi ned as follows: thie Rabi frequency f has the formi su blevels. It is a periodic funuct ion of atomicO posit ion anid

fv'2E9 /h; Uo is anl effective pot~ent~ial given by is small inl the vicinity of nlodes (k:z wý-/2+ rn ) anld ant i-

h~f2Ilodes ( k: ;zz mn ) of the field (the p)osit ions of -nlodes"

w 62 + ('2,1 os 0) (os(2k:: 21 and "ant inodes" to whiichI we refer are those whiich .vouldl
3(62 + I'2/4)appetar for parallel-polarized fields). '[he (drivinlg terlil

1+ alll 1'.. are eual toVallislies for 0 =0, inmplyinlg thIat, still-Dloppler-liniit cool-
F+ an F- ae equl toing (does not occur for p).arallel polarizat ions of tile fields-

S2hk~f 2  For 0 $4 0 the dIrivinig term increases withI inlcreasing 0
3(2+124 - sill 0 cos( 2k:): (2.11) and reaches its miaximunm value for laser beamls having

orthogonal pola'izat~ionl (0= )
p+ (p-) is thie population of the mnj =1/2 ( wj =- 1/2) 'nhe local optical relaxation rat~e RI., for the popilla-
groulld-st~ate mlagnietic sublevel: and 11 is the popu~lat ion tilon difference of the sublevels is equal to
dIifferen ceI

11 =9+ - P-(2.12) lIn the case of orthIogonlal polariza tioll 0 this rate

C'onsistenit wiith Ile weak-field limlit used to (derive does not depend onl positionl --. Ilowever. for sliall angles
E'~q.(2.7), thie grolllld-stat~e suihlevel lpolplal onl is coji- 0 ~< 1, 1Ri(, is strongly position depenldenit, and~ is very
served, i.e., smiall heval' the nlodes of' thle field (t hiat is. elaixat loll of'

thel( grotilld-st ate sublevel tpotpllat ion (liffelelice i. slow ill
P+ + P- (.2. 13) these regions). Althloughl the (livitlg termi (2.18) is alko

Equation (2.7) is validl only' ill the lillilt of reklitivel slinldl smlall Ill t'he viciliitv of tilie niodes, t lie ('ollpet it loll oftlevse,

velocitis I two sm~all quantities leads to a consisderablt' gradiienlt of
I. lie poptillat. lonl di freren ce. It is t lie ra pid val ia) loll ofI?

1A.1, < illax(Y1. 161), (2.141) near ft(li field nlodes t hat may lead to qiialitat itely new\\

whic Isthe011N. imi, cosidredIlldil paer.featutres ill laiser c'oolinlg.

whchoris g theonl 'Eqi. (.) i(oc consideesnths of ltwo'com 'l'o tunderstanid lthe quialit ativ Fe iat tires oIf t lie spat iallv

Aordings ;l"etoral Eq.t (F.7), thefoc coIis inof wotildi-l averaged force, we first coiisidler atomls hiavinig r 0. A I-
polintsall extrnall~ar. l>. wich s itl.''lld'l t Iotogh t liese at oiis do not1 exp'ieiee tIlhe ;lvtra'( d fortce.

of" the initernial st at e of, t lie atolli. andi all "tilt iteial" part it. follows fromn Eqs. (2.7) and (2.17) t hiat, fo' r sultficlentitl
V',which dleplends oil the p~opullationi dilb'reice IIo1tlt slow atomls, the spatially averagled fo(rcet canl be old :itleld

grolllid-st~ate stiblevels. 'I[lie int~ernal part cani he' wilt tll ill termis of lthe gradient. of t ie popiilit ion diflI'erence of'
ill termls of a force 1± acting oil each siiblt'vel popiila- ~ tm.Foi q 21)oefnsthsppia o
thon. Onl averaging the force over an lit opical waveliingtli, difleIrenro to b- given by
the colitribtltioli of the external part. vaiiisfie,, while Itfat.
of the int~ernal part. depeinds onl the Fourier colmpoile It1(. I.' = 0) o' - ill 0 sill 2k:-(
of 11, wliicli varies its cos( 2k:). 'iTIms at det en ilnat ion of ' - -- I + cos05 ('0s 2k: (.0
lthe spatially avera ge'd force redfhices to a (lett'rmiiilat~iOi F~or 0 = /2, [I(--. r t)) sin()k -:). Definiiing a char-
of 11(z). a('tel'ist i' Scalt' over. which 11 variels ats

'l'lie popullatioln (iffeene''i't II is dl'iveii by t lie difirelit ilill
rate ( 1L? - U-.) at. which atomis are optically piiiiped to ('-,I (llu: .~.21)
Hthe + amid - gromiitd-state snblbevels. wliere,'., ashsowii o10' sees' t hat 4-- '~ whie'i 0 =-,r/2) (see curve I lil igý
expilicitly ill Sec. Ill, 1?± are givenl by 3). hlowever, for smailll angles 0) < I.a, e lt'iig:h Ii t:fl,

2'f -i2 is iuiirodiicetl inito the proldeii. F~ar froliI the field iiodes
=I- I T ý 0~s,2(Z.:±0), (2.15) Z(k I + ( nl >>i) 1) 1 0.± I t) .... ) the popillatlioll

!)(62 + 1'2/'n.l2)

+ (2 16)__________ ehIe tIlt c i f tlitnodes, I I r : 0't) t A c., t lit',

'I2 ..f 'l2 forilt0

towardls eqiuilibriiumi -it t it' rate ( 1?+ le- k ). Undeltr t lie' II()* +, ('t)-2_______

(ifiVec it-vpiis as 'here' 4-A: - (I +- 2n,u)7/2 ()lit' (-;Ili seet froim Eq (2 2:) _
iflt'rt'ice t'vo ~ts isand cturve' 2 lii F~ig . t1 hat. litt t'ott ra~st. to t lhe 0 =7/*2 cas'.;1 ut1% h

(, 1 ? I,- L h (2.h7) 1,01 small 0. nlear theit iodi's tlt' Popillatm lifl't'lrt'iice is, of -

0. otrdetr tillit y anid varies very3 rapidly oil at sc;ib' ,. -L Avail

2k4
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''''' '' I II I I ''''''l' lead to stronger averaged force. Owing to the depeit-
deuce of Ric,, onl 0, both the capture range defined by

z (2.24) and the magnitude of the force depend strongly
on 0.

C2 For the fields with orthogonal p~olatrization (0 = -r/2).

0 ~one has Rl.J = 7p, and( Eq. (2.2.1) takes the form
0

0a =_kzr~ <K 1. (2.26j)

InI this limit, onie obtains thle well-knowni result [1] for lhe

a friction force

-1 2hkf 2bo

0 1 2 33(2+r/)

kz For small 0, both1 the local optical relaxation rate

FIG. I. The population difference 11s i)) of thle and the spatial scale over wh ichi the p~opulat ion differ-
ground-st~ate su blevels as a fttictioni of k-- for 0 a nd ence varies dlecrease near thle field nodes, so t hat 1? -,

9 = t0.2. The v'alute k: corresponids to a field ijode. 7P 10 2 / 2 and :~0/2. It follows front 1-qs.( 2.19) and(
(2.24) that thie captutre range is given by

Next we consider anl atom moving lin the direction el < 03 (2.28)
with a very small velocity v', such that 11 dloes tiot vary adi uhsalrtaitln o i hscp r
considlerably during ati optical pumping periodl, that, is,ofIop

rang-e, however, the strong gradient oIfand long opical-

17 < IOCZC- (.24) ptumping time Ini the vicinlity of tile field iiode's give rs
ac-sc 2.24) to a spatially averaged force

III this limit the velocitv-depetident, part 11, of t lie pop-
tilation difference grating which gives rise to a nion- + 2.9
vanishing averaged force canl be obtained fromt Eq. (2.17) 3(2+i2. 2~)
by a standard one-step iteration, atid is given by which is larger than that for 0 .For smtall 0 -.nd

d~l(z, v 0) _ 2kT 10(os + cs 2k (lie entire contribution to th lebrcel ori'liatice whenl all
II,= -R- df~z v 0)-_2 kv P (os +cos 2 k ), atomn moves near the field nodes. 1
0C dz (1 + cos 0 cos 2k:)3  'Fhe iterative approach utsed( to arrive at Eq. (2.25) is

(2.25) only applicable when condition (2.241) is satisfied. Ill tilt
case of ort hiogonal field polarizat ion. cond~it ion (2.2 1) Is

Atotits having velocities r satisfying intequality (2.241) give saifidpovided that o = r- ~< 1: hiowever, for 0 c< I
rise to a spatially averaged force that varies liinearly withI thIiis conidit ion is satisfied only for o =ki,7- ~< 0". Thins
r (so-called "cap~ture range" of t lie force [13]). 0 ile Canl for 0 <K I t here exists a ranige of' veloci W.,
see fromt Eq. (2.25) thlit aI decrease iii the optical relax-
at ion rate alid anl incrtease of thle popuilat ion difference I > (I >~ 0, (2-:0))

gradentleadto argr If. (ee Fg. ) ad miht hus for which lie iterative approach fails. These, veiocit ies
aIre hiigh enough to prevent I le 01 i Iouation diIiffe ren ce of
thle ground-state stublevels to undergo contsidterable re-
laxat ion dutrinig the passage through t lie field iode. liii
low enough for (hIiis process it)occutr at ;t spatial scale
snialler t han the optical wavelength . For th is velocit v
range, a theoretical approach based onl a lourier series
ex patnsionl for 1f is not of mitch practical lise, eit her, since

0 - ~ - the number of termis involved is prohibitively large. 'New
'3 anialyt ical tecbiiiques are needed, which redescribed in

hle sitbsequtenlt sectitolls.
2 v rh ls.i Isp sil too tii Iq aiaiepc

4Nerteeitiposbetob it iaiatitIic
., ~t tire of t lie( velocity deptettdencte for t lit- force iii t lie range

(2.39) by introducing t lie conicep~t of ati effective optical

relaxationt rati' !?,r deitited ihv

FIG . 4I. Vt'loc it ,-v-tIe pttth iit part oIf i 22lt(- ~ t ditffr /1.(23
(lice Ih(z. tI- thtlit coitiribtitts Ito Ito( spiltial' *ivcraigt fltret.

aýIfmittimioi of 4:. for several v'ahtis of 0 mid~ ot = ktrr ( It where I (: u /' atnd is giveti by lU1. (2.P)).
9 io = 1.0 X itt_ . (2) 19 0 t.2,o =.otO lo- j1 hEqiat ionu (2.3 1) siimply states t hat the problability of op-
19 -1, a = , xI)' 1) 9 = 11.2.o 5 x 10-t2. tical pitumpinig in the( Iitunt' intlerval (I - Ir7l 1) is equtal
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to unity. For the range of atomic velocities satisfying in- 0
equalities (2.30), in the vicinity of the nodes, integration Did J [(F(t)F(t - r)) - (F(t))(F(t - r))]dT.

of Eq. (2.31) leads to the effective optical relaxation rate (3
(2.36)

Reff - T [1" + ( 2o)2/3] K< r7-, (2.32) This contribution is directly related to the multilevel dy-

which does not depend oil 0 and increases with increasing namics, since it is brought about by fluctuations in the
velocity. The spatial scale of the population difference is time periods an atom stays in sublevels nj = ±1/2 of

now given by z, = vR-, o 1 /3Ik (see curve 4 in Fig. the ground state. For relatively small velocities satisfying
4). The largest contribution to the spatially averaged the condition a < 1, the correlation time of the forces

force is produced in a single optical-pumiping cycle when in Eq. (2.36) is given by R-, and Dind is approximately

an atom passes the field node. In the range of velocities equal to

(2.30) the averaged force is given by F2
Dind + (2.37)

hkf 26 sin 2 0 (2.33) wbfr1

3v/-(62 + F2/4) where F+ s given by Eq. (2.11).
For 0 << 1, the force F+ is 0 times smaller than that

and is independent of v. for 0 = 1. On the other hand, in the vicinity of the field
A graph of F vs 0 for small o K< 1 is shown in Fig. 5. nodes, R/f < r" 1 . The overall effect is a decrease of the

The force first increases with increasing 0, and reaches averaged diffusion coefficient with decrcasing 0, given by
its maximum value for a small angle 0 -- o(/'. Then
it, decreases, approaching the value F(O = 7/2, v) as 0 062 -

tends to 7r/2. Dind(0, v) -T2- Dp (2.38)

WVe now turn our attention to the momentum diffusion
coefficient D, which consists of two parts: for very slow atoms satisfying Eq. (2.28), and

D = D ,p + D],j, (2.341) 0262_

The first contriumtion DI, is related to the fluctuations 1/d(3, e) ol/, D~1  (2.3.)
concerned with emission of spontaneous photons. This
contribution is quite similar to the momentum diffusion for intermediate velocities (2.30). Thus. for small 0. the
coefficient in a two-level system. For Ikrl K< F, it de- induced momentum diffusion coefficient D, 1 (0 <K 1. v)
pends only slightly on angle and velocity, since the spe- is much smaller than Dgrd(O =r/2. e). It also exhibits
cific features of sub-Doppler-limit cooling and multilevel significant dependence on velocity v in the range f30:<
dynamics do not play a significant role in t he diffusion a K< 1. The consequences of the 0 dependences of 1' amd
processes brought about by these fluctuations. The av- D are discussed below.
eraged contribution D,,, can be roughly estimated by

'p --- h V(2.35) III. EQUATIONS FOR THE GROUND-STATE
71, SUBLEVEL POPULATIONS

The second contri lntion D, 1,,, is p ro(luced by thle Ilu c-
tuations of the stinmulated force exerted on the at out. and
is given by II this section. using tile \Vigner representation [1.t],

we derive the equations for the populations of te ground-
state sublevels. \Ve consider atoms having ground- and

'.... I excited-state angular momenta .. = - and J, or
Using the general equations (see, for instance, [14,.]) for

0.8 the density matrix p(z,p), where ) = Mr is the atomic
momentum, and _ is the center-of-mnass posit ion, and t ak-
ing into account the weak-field condition (1.1). one, can
adiabatically eliminate excIted-st.ate mat rix elenints and
obtain a closed set of equations for the densityv-matrix ('-

0.4 enients of the ground state [1, .1]. The derivation of tlihe
Lu equations is given in the Appendix and is quite similar

0 for the two values of .], Assuming t hat Ihth atomi iiM0-

"Il t 1e111 is nmuch larger Ihan Ihil of Iht pholon. that i.

. . . . . . . . .. p > hk, (3.1)
0.0 06 1.0 IS

FIG. 5. Thl( spatially averaged las(er cooling force as a one finds the following equations for Ilie ground-state
finiction of anigle 0 for small a = krp, = I A XIt-. sublevel populations:
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d 2rff2  
2 '\ .0 ( ) 3hkb (.p6

[± COS T-±+k-- P ± +Cos I±O +kzjpi - sil(TO + 2k:)-
dt 9(-62+ TF2/4) 2 +2 /T O

+-2- [1. - II cos(TO + 2.:)]Eo- + [6 + cos(±O + *. )]• (32)

for Je =, and

d K Cos 2  + -J +-o 2 0 -PT .-[sin(:uO + 2k:) + 3 sin(±0 + 2k.). )p+dt+- 9(62 + r2/4) - 2os 2• 21 op = o''+ /.- , A:J7-

-[70 - 13 cos(:FO + 2k:--) - 2 7cos(±O + 2k--)] a)2p + 2[6 + cos(±O + 2k-)])L

(3.3)

for J, =, where d/dt 9 0/at + a Id-:. Equations and
(3.2) and (3.3) provide a complete description of the time
evolution of the atomic distribution of ground-state sub- d 1 F
levels as a function of atomic center-of-mass position and - - -, sin Osin 2kz - (1 + cos0cos2kz)Hl
momentum, in the limit of weak field (1.1) and small p)ho- dt Tp I
ton momentum (3.1). The first two terms on the right- 3hk6 . oaH1
hand side of the equations describe the spatially depeil +- sin 0 pcos-2kz - cos 0 siln 2kz:-

dent population exchange between the sublevels owing to

the optical pumping. The term with a/al) can be inter-
preted as a gradient, of all effective potential determined t,2 k2 ['0`11I

by the spatially dependent ac Stark shifts of the levels, +'- ((2 - 3 cos0 cos 2kz) Op

S± - hjbf 2  os(:F + k- 3.)t2CS+ = 3(62 T r2-/,j o~: +:/ )(.) -3 sill 0sill "21,kz (3.9)

for .J = •, and

hbf2 w here the "optical pum ping- t~ni1e 71, is d r'line'd I)V l'J.'
S+= 1(" 2/l[cos(:FO + 2k:) + 3c(s(+O +2kz)] (2.16). Similar equations can be obtained for J1, =

using Eq. (3.3).
(3.5) Ili general, Eqs. (3.2) and (3.3) or (3.8) and (3.9q) call-

not, be further simplified. Hlowever, if the atomic kinetic
for J, . F'inally, the terms containing thlie second energy E. p=)/2M is much larger than the effective
derivatives with respect, to 1) correspond to the nionilin- potentials S±t, that is if
turln diffusion process caused by emission of sponitane~ous

photons.

To find the atomic inonientuin and position distriblh- P2 2> ,6f3.10)
lions it is useful to introduce the probability dlensity 2,11 3(62 + [2/4)

, + + P- (3.6) the atonms move almost freely and localization effects are
weak. This implies that the time scale rf that character-

for all atom to have Itoltenlui 1) and posit ion - and h( tII izes the timne variation of 0-(1..p) satisfies lie cotdition
population difference density

If (-- 7 ) = P + - 0-_. (3. 7) r .k I > I1. ( .1

T hen. using EqI. (:3.2) w ilt i .1, o, co nseq u( n( c, t c p ro b ilit t -( p) + p- d..

/etds only slightly on -- Below we neglected this tII-
- - CN 0 sil 24 - - sin 0os 24 - pendence [15]. The problelm is thleu rdnt','d ! a dethr-Lp / ination of the atomic mtomentum (list ribut io:: .•-(p)

h2k 2  :,(z, )). To obtain (,(p) as a solution of Eq. (3.8). onut
+ -'- (2 - co; I 2kz) O must know the populat ion difference density Ii (. ). 1P).

("' ).-. steady-state dist ribution for the popul[t*ion difference

"i211 I1ss is est ablishted oi a tilte ,-cal e hae iven hy EqI .
-sin0si2k:-f'l/ (3.8) (2.31). Although, as has ben discussed in Se' II. ht',

I]J ,ilay vary significantly wit IIt aot lic posit ion and vlocitt .
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it can be shown (see below) that ll << rT-,. In determii - terms containing 011/01, and 02l,,/dp:-and )21l/i0l/' H)

ing v,(p) from Eq. (3.8), one is then justified in replacing Eq. (3.9) [owing to conditions (3.1) and (3.10), respec-
II in that equation by its steady-state value llss. ''uak- tively], one finds the steady-state solution of Eq. (3.9) in
iung into account the condition t•k >> St a7d neglecing the form

-1oJ~ ' 1 dz' sin 0sin(2k: - '),(:,p) + sin -s6cos(,2k5--') at.2as 07) )2

x exp -( 2o)- [1 + cos 0 cos(2k4- s )]d" (3.12)

where

a - k',v ,. (3.13)

Substituting llss(zp) in the form (3.12) into Eq. (3.8) and neglecting derivatives of order higher than 2. one arrives
at a Fokker-Planck equation of the form

d a9 N, a- r-,= F + D,1)4,)] 0(3.1.1)
di Op Op aJ)

where the force F is given by

F 21hk6 f'- [
F 3(62 + F2/4) cos60sill2kz + (2n)-' sin 2 

0'cos2k43 62 +: 2/4
x of dz'sin(2kz - z') exp (-(2ac)-i [1 + cos0 cos(2kz - z")]dz"), (3.15)

the sub-Doppler-limit "stimulated" contribution Dl, to the moment urn diffusion produced by the fluctuations of t he
instantaneous dipole forces by

Dind~ = - 3ksiiý- cos 2kz d~z' cos(2k Z - z1) exp ((2a)-'i [1 + cos 0 cos(2kz - z")]dz") (3.16)
2arp 'r

and the "spontaneous" contribution DOp to the momentum diffusion associated with emission of spontaneous photons
by

D -p = h2k-- 2 - cos0cos2kz + sil20sin2kz dz'sin(2kz - z')exp -(2a)- [I + cos0cos(2kz - z")]dz" .2 r-p 2a 10 )

•3.17)

Under assumption (3.10) considerable variation in atomic kinetic energy occurs on a time scale larger than (kv)-'.
In other words, condition (3.11) is satisfied. In this limit, the force and diffusion averaged over a wavelength determine
the time evolution of the distribution ;4. Averaging Eqs. (3.15)-(3.17) over a wavelength, and substituting the results
into Eq. (3.14), one caii arrive at

+ L + " -a 0+ " V)], p(3.18)
01 Op aJ)

where the spatially averaged force 1 is givwn by

hikf6I-sin2 S ' " h cosO s
" 3(62 +1'2/1/4) si(2) n(, )

Mnd ile' ;veraged diffusion coefiici'iits are

2h "4.2 i f 2, /1 , I + - .• 6' f -2 cos(2o r), \ •( - 1. -;-5-, T(.,0 . (3 '.2 0)
f)(62 + 1,2/,1) 0 ,-ii,.,,(2,(rol,,r))--(--j>

1, 2k-% / s( - 1o2nr)l) (- siim r))+i( 1' .. i ( 17r) ] (3.21)
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where I0 and 12 are modified Bessel functions [16].
For Je ;, one can also obtain equations similar to Eqs. (3.14) and (3.18). For example, the force F is given by

F- 3(6f2+F./4) 2cos0sin2kz-(4a)- 1sin-2 Ocos2kz

x j dz' sin(2kz- - z')exp ((4a)-1 (I + cos 0 cos(2kz- - z")]dz")1 (3.22)

and the averaged force F by

F = I6(i-' + sin(4Ar)eC-1 0 C,-'s sin(2or) d7 . (3.23)
6(62 + [F2/4) J 2n

For the sub-Doppler-limit stimulated part of the momentum diffusion coefficients one finds

I 2 3hk6 sin 0 9 o - ' z")]dz
Dnd -- 2 kasiT-, 217 cos cos(2kz - z')exp (4oOco)2k - d" ', (3.24)

and

2h k262 f 2-sin2 O - r, (coSOs( ) I (s2 6
And = - COS(, +) 10\ 2o si'i(2o,) dr,. (3.25)

2r(62 + 24 ) LsI (T ) 2(A 2 (k

while the spontaneous contribution Dp to the momentum diffusion is given by

_ h~b•k2 [

D • '2--- [41 - 19cosOcos2kz - 2sin 2Osin2k:
407~p [a

x j dz'sin(2kz - z')exp (-(4a)- 0 [i + cos0cos(2kz - z")jdz"9 (3.26)

and

(D) - 20h 2 k f 2 [ 4 sCosO sin(2or))- J (CIs. sin(2kr))] dr . (3.27)20(6) h [2/4 r 41 - 4 sin 2 o 'T o(o r10 2a 2o

IV. DISCUSSION D (0 2h 2 k 2f 2 r (, 1

In this section, if not. stated otherwise, we consider 2D - 9(62+ F--2/1) -1+ 1 + .1(12)

(1:3)

and their qualitative behavior coincides with that of dif-
A. Force and diffusion fusion coefficients obtained inl Ref. [4].

For an arbitrary angle 0. it is possible to obtain an-
For 0 = onie c, lse qIs. (3.19)) (3.21) to oblaiii alytical expressions for the averaged force and dilfusion

ex p ressoions for thlie forC(( a iid (I O Ile1 1 (ilt un isi on codfi- coefficients in the limiting casies of small and large vloc-
expressionaclsed forntie fore an olrary valii• l h diffusionii- ities. Numerical solutions for the force aiid tlie diffusion

cients in a, closedl form for arblit rarv values of thle dimn nieiinslsaintio f( r peetdI Iis n
sionless velocity a = ki 5, . For tlie averaged foiO coefficients as a functiou of are preseiitd iu ligs. 6 and
recovers the well-known result [1] 7, respectively.

2hA f 2lz'2 o 1. Low velocities at << 1

= 3(6 + 1-'2/4)(1 +,'lo)
II this limit, for very low velocities

Tlie diffusioll coeffiCients are giveni IhN
b'2 21 2 <03

D tO = 2) = (46? + l'/I)(l + .,12) (12) (

aiid one Cmil take tile integrals in iqs.(3.19) (3,21) to obtain
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2ihkf 2 6at (4.5) Ff = h k6a - v (17)3 sill 0(62 + 112/4) 30(62 + F2/4) or

and and

- h 2k2 f 2F 2h 2 k2f 2F 9620"
S= + SP - 9(62 + F2/4) D 9(b2 + - 2/4) (1 +.-.-- . (4.8)

sn2 0 1862 siln0

I 2+ sill 0 + 2 1+sin)0)

(4.6) The force increases as 0-1 and the diffusion coefficient
decreases linearly with decreasing 0.

The force increases and the diffusion coefficient decreases To determine the source of such a strong dependence
gradually with decreasing 0. of the force and diffusion on 0, one can examine the ex-

In particular, for small angles 0 < I and very small pressions (3.15)-(3.17) for the nonaveraged force and dif-
velocities satisfying (4.4), one finds fusion. If condition (4.4) is satisfied, one has

F2z 2hk6f 2  cos 2 k + ( sinl lkz 2o cos2k:(cos24: + cos0) (-.]
3(62 + F2/4) 1 co0i ' 2(1 + cos0cos2k:) - (1 + cos0cos 2k•):' "

.C , . ....... 2

50.0.

0

0.2

0.0
20.0

0 0.4

0== 6

0020
U0.

________=o.___________ 0-

0.0 ....... 0..0
0.0 0.5 1 . 05 0. 5.0 "(¢)

(b) (b
~~~ ~ I'.( 7. The spatial!ly averaged mooten lu 1 di flusio1 CO, I-

F"IC. 6. Spatially ave~raged la.ser eooliing fo~rce as a fiiiiction tiieuiet as a fiiietion of o kevrr. iThe difereiit c'urves. c'or-

of il = kerr,. '[le dliflerent curves corre,.poil( tIo dlifferentl an- respond to differeiit angles• f betlween th( lie fhlds polariyat lio
gles Vi beiweei the fi chl(s' pol arizat io I diire,'Ii oils. [Thi, atomi1c1 direct ioniis. Thie ato i ( t1 CIra .li s ion oci '0rs bet wee, two I~c l.I,

tranisitioni occllrs Ibtweeti wo levels., a('hii haviing total atlign- e!ach having total angular mo•nient ,I11 =1 -, an d ,% : 51.
Ilar 010o11tme nt .1 = •,and ii = 51'. Th le f'ort', for werv Ilow "'hF lioom entLumi di ffusion coefli cie 01 for ve ry low v'ehoi it s 15
20.0'

velocities~~~~~~~~~~~~~~ i2swii oeiealii(b) loi nnoedti n()
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For 0 K< 1, far from the nodes of the standing wave [jk:-- 2. Large velocity, ex > 1
*(I + 2n)I. 1] the velocity-dependent part of the force.

(4.9) is of order 02 hk 2 6bv/ and is much smaller thian In the high-velocity limit, the force takes the form

that of the force obtained for 0 = 7r/2. However, in the = Ohkf 2 b sin12  
_ hf4 F6sin2 (.8

vicinity of the nodes, where 6a(62 + 1'2/4) 27v(b2 + r2/4)2

kz- -(I + 2nz) ~< 1, (10) which is valid for any angle 0. The force (4.18) decreases

2 with decreasing 0.

the force takes the form The diffusion coefficient is given by

2hk b2 (2c(07q / - c2) 02a(02/4 - c )) W2 ak 2 f 2 r + sill 2oI + (4.19

andl decreases with decreasing 0 and increasing velocity.
(4.11) Results for the entire range of velocities are shown in

The first termi in Eq. ('1.11) is velocity independent and] Figs. 6 and 7. The velocity dependence of the force iii

corresponds to the gradlient of the effective p)otenitial U.11' the case of small angles 0 dliffers (lranat~ically from that
gie by' obtained in the case 0 = -,r/2.- For a given a, the force

2 ~~F(0 = 742) is smaller than F(r/2 > 0 > a i/2) . Ani

14r- 2 h F,- (d - 0nd+02,1) (.2 important new feature of the diffusion coefficient is the
=3(62 T T2/ 4) 2 ~ nO+0-4). (.2 strong dependence of its sub-Doppler-limit part Dind oil

angle 0. For 0 = 7r2 and 161 > r this part is the domi-
The seCon(I, velocity-dependent., termn can lhc seen in Pig. iiant one, as it Is (S2/1,2 times larger than the contribution
4I (curve 2). In1 the very vicinity of (-fii' nuide ( K< 0, it DP brought about by the emission of spontaneous pho1-

reprsens aver stong ricionl frcetons. Hlowever, Dind decreases with decreasing 0, wvhile

[J~ does not vary significantly with 0. As a result,, the

2.lhk 26c diffus-ion coefficienit D decreases with decreasing 0. Mlore-
-, 0211 0~~3 over, for a range of angles 0 K< 1, one- finds

D211j,i < 141 ('4.20)
while for Ic > 0/2 it changes sign and] lead'N to heating. ee o ml eoiis
Hlowever, after averaging over the posit ion around the
inode the combined effect is still that of cooling given bN .Eulbimiownuu(srI~to
E;q. (41.7). Thus on,- can see that for small 0 ;1 strong fric-B.Eulbi m ona dstbton

tional force is p~oduced in vicinities close to the standing FoJ = alb>0,tequirim no itm
Wave ]lodes.

si iiuliedconri- and spatial di'stributionu O'(z,p) characterized by mean
Thle nonavera,,ed suh-Doj1 pler-limit kineticte energy- V- p/21 ) reut fo balance

hutin ~to he nomntuin dffuionis roprtinal between the cooling force and diffusive lieatiiig. Rigor-
to 02 far front the niodes and Is :inclm sinauller than that
in t he case 0 = 4r2. However, near the field nlodes [ie. ously, the equilibrium distribumtionl is a solut ion of Eqls.

whencondtio (4.0) s saifedi,~ i givn ~(:1.2) and (3.3); however, it. may be possible to approxi-
mate this distribution using tie Fokker-Planmck equation

'UUOý 1 (:3.18) with a diffusion coefficient. D(0, p) and a drift termn

I 3 1 0 (" 1 (.1.14) Fý(0, 1). The resulting distribution VI'eq(p) is not necessar-
Di r = , ~~' 0/lily of Gaussian form. Introducing ad dimtension less atomic

For t-,0, /) ... (0 <K 1) is of .the order of 1),,,,1(0=
-.r2) and provides the nukjor conutribut ion t o t lie, averaged 3 = k'(.21
dhiffuision coefhicient. (.16)

For t.he interimmed iate range of velocities tinld neglectlinig the d Iepenmmden ce of' j m1 mi velhocity, one-

0, finds thme (list rihut ion ,tqf)to have the formii

lie averaged force takes Ilie formn m/'4/) = V" Cxi) (. (,' (1.22)

P 21,kf2(6 0+ 0'/l cII) !alculat ing tfe' nmeian equilibrium kimemic energy !.',.as

Thus, for 0:'/6 < k ~< I thie force (41.1W) (loes imot depeii E,. 1 ~ ie 1d1 (4I.2:3)
on time velocit~y and~ (hecreases with decreasing 0. Thmej-
diiffusion co('flicient. varies as

h~~~' 9.54b16202 where ER (hk )2 /(2,1) is the recoil energy, one arrives-
1) --- f 2 + F-- (.1.17) at. the results presented in Figs. 8 anId 9.
9(62 + 2+/) ,I. Tlhe mean kinietic energy as a, fmi ic ~on of' (I iniInIsion less

midu (h(creaises with decreasing 0 in(h inicreasinig velocii v. laIser field inteimsit')v I de~finled by



45 ONE-DIMENSIONAL LASER COOLING BELOW THE DOPPLER LIMIT 1839

T.'T•"1TT' '~TT ' If 0 < 7r/2, for relatively small intensity I satisfying the
6000 condition
60 0> I > 6sin-2 (4.28)

ar 0.8 . 0 o1e has

3000 7 C0 / 'eq(13) = tkeq(O)[I + 202/(1 sil 0)2]IsiIlC/4 (4.29)

__-::--O 2and

Eeq ER-2 1. 2 0- (4.30)
I• = sin, 0 - 6"

0 1000 o00o) .000 4000 5000 600C For 0 < 1 and I satisfying

FIG. 8. Mean equilibrium kinetic energy Eq in units of (_86 ">2 (3\2
h:k 2/12A (A' is atomic mass) as a function of a dimensionless F2J r (4.31)

field intensity I defined by I = IfI 2M/(3h6k 2 ). The different
curves correspood to different angles 0. The atom-field Con- one arrives at
figuration is the same as that used to obtain Figs. 1; and 7. 1 [ 0.3 r2 1 ,3 1 (4.32)

I = Uo(O = 0, z = 0)/2EB -3bk '- (1 2.1) and

is shown in Fig. 8 for Eeq .z •'-R1/2. (4.33)

7r/2>o 0 Ž/6 (4.25) For even higher intensities

Assuming that 161 >> r, and( using expressions for F and 8
f) in different velocity limits, one can get a qualitative , (4.34)
understanding of the results prtented in this figure. For Y sin2 0
0 = 7r/2 one arrives at the energy distribution takes the form

0,,q(/3) = •tq(O)(1 + 2/32 1)') 4  (4.26) ," = Vbq(O)exp(- 32 /2Isin12 0), (4.35)

and and the mean kinetic energy is given by

1'= ER - (.1.27) Eq = ERIsinl'0. (4.36)

One, can see from Fig. . that the minimal intensity that
can still unsure an equilibrium energy distribution in-

0000 •-- , , ----- - ..- creases with 0 as 6/sin2 0. The optimal cooling is ob-
i tained for 0 = * and I = 12. Hlowever, for smaller 0 and

I 8a.1O - higher intensities, the mean kinetic energy as a function

.... of I increases more slowly than for 0 = r/2, and in some
I ... angle range can be a decreasing function of 0. The de-

"pendence of Eq on 0 is shown in Fig. 9. For relatively
50 low intensity satis"ying

I < ,(4.37)

tu 2,10'

"0"10- Elq is given by Eqs. (4.30) and (4.33) and is almost in-
0 ... . ... .. \•-- -- .. ... _4 ___ =,- •_• --- -A sensitive to the angle unless it is very sm all. ttowever,

05 0 1.0 1 5 for higher intensity

FIG. 9. Mean equilibrium kinetic energy F'eq in units of 8 - 10
h'kk2/2MI (Al is atomic mass) as a function of 9. The different r < I< (,4.38)

curves correspond to a different dimensionless field intensity 1
defifled by I = Jf12 M1(31( k2 ). The atom-field configuration
is hle same as that used to obtain Figs. 6 and 7. and angles satisfying
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6462 1/4 energies (4.44) and strong localization. For J, = 1/2 the
r/2 > 0 >> 2 ,(-1.39) potential UO has its minima at the field nodes. Thus anatom trapped in a region

the equilibrium energy is given by Eq. (4.36) and varies I ( 5.61 ) 1/2
as sil20. If the angle gets even smaller, that is, if 6Z •" ill2

6 "4b2 I/4 rF5)1/8

0 > 0.5 ('1.40) near the field node may experience a very strong fric-
/ ).) tional force and may be cooled to the energies given by

I', is given by Eq. (4.33) and does not depend on 0. Eq.(4.44). Hlowever, the effective potential Uo of the
Finally, for very small angles J, = 3/2 atom has its minima at tile antinodes of thelaser standing wave. As soon as an atomic kinetic energy

0 I.n ; Y"' > (0> ,2 ~becomes smaller than 2Uo(z = 0), an atom is trapped in
0.5 [T7j >> 0 > A (I.1) the vicinity of the antinode where both the force atid the

sub-Doppler-limit diffusion coefficient are proportional to

One has 02 and are small. As a result, one should have been ex-
pect to obtain weaker localization (6z ,- 7r/Gk) and the

Et 9_,, 81ER (__.42) equilibrium kinetic energy of order Eeq(O = ,r/2) for a

96(=102 - 4)(102 - 6) wide range of angles 0 .

and V. CONCLUSIONS

( I 1613\-14/21' We have seen that in the one-dimensional field con-, )= ',1(0) 1 + -' (.1..13) figuration with almost parallel linear polarizations of the

counterpropagating laser beams the considerable increase
The mean kinetic energy (4.412) increases sharply with of the effective optical relaxation time and the popula-
decreasing 0, and laser cooling is possible only for 0 > tion difference gradient near the nodes of the field may
(2/1)1/2. lead to significant, cooling and localization of the atomic

One can see that the minimal equilibrium energy is particles having J. = 1. Identical effects would occur
achieved for a small angle 0 satisfying the condition if the linearly polarized fields were replaced by two cir-
(,1.,10). From Eq. (4.33) one has cularly polarized standing-wave fields (polarizations e+

and c-, relative phase shift 0 ,< 1). Although the cal-
e eq 444 ) culation has been limited to the J, = ¼ ground state,"one would expect a similar qualitative befiavior for other

where values of J.. To account for the rapid spatial variation
of the ground-state population difference, new analytical

h,q (o = (...15) approaches are needed since methods based on Fourier
2 66 series or expansions about v = 0 may converge very

is the mean equilibrium energy reached for the laser slowly. The need for new analytical techniques is under-
beams with orthogonal polarizations. Taking into ac- scored if the results are generalized to two-dimensional
count lq. (,1.38) one can see that the energy Eq"" ob- cooling. In this case, for certain field configurations, we
tainahl for small angles can be significantly smaller than find a dependence of the friction force which varies as

a'F1. "" ln(a• + o•), where ar•y = kvyrp.
The results presented above for the equilibrium en- As an example of a method by which one can measure

ergy (listribution have been derived using the Fokker- directly the dependence of the spatially averaged cool-
1Planck equation (3.18) with the drift and diffni;ioi coef- ing force on angle 0, we should like to cite the recent
ficients averaged over the optical Wavelength. Hlowever, experiment, of Grynberg, Vallet, and Pinard [18]. They
one can deduce from Eq. (4.14) that, for small 0, tile measured the changes in field intensity as two copropa-
energy E,"' is smaller than the maximum of the eflrec- gating waves traverse a medium of 1 = 1 ground-state
tive potential U0. Consequently, all atom having this atoms as a function of the frequency difference 6' be-
energy must be strongly localized [17]. This means that. tween the waves. The changes in field intensity can be
rigorously speaking, the equiilibrium energy distribution related dire ly to the spatially averaged friction force
t(z, 1)) should strongly depend on the center-of-nmass po- that would appear in the sul,-Doppler-limit laser cooling.
sition :, and that localization effects must play a signifi- [he two fieh's they used were linearly polarized with an
cant role in the calculation of Eq. Although the results angle 0 = 7r/2. The characteristic width they found in
obtained using the averaged Fokker-Planck equation are their experiment is consistent with the capture range that
quite similar for J, = 1/2 and 3/2 atoms, the localization would appear in the sub-Doppler-limit laser cooling. In
effects make these two systems very different. It has been the similar type of measurement, by changing angle 0 be-
shown earlier that atomic motion in the vicinities of the tween the field polarization directions one might see the
laser field nodes is responsible for a draniatic increase of increase of tile signal gradient abo; t 6' = 0 correspond-
the frictioial force and decrease of the sulb-l)oppler-liinit, ing to the increase of the cooling 1brce for small angles
inloit ntuni ,liffuision that ma'y eventn:ily lead to mean found in this paper.
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APPENDIX: DERIVATION OF EQS. (3.2)
AND (3.3) For Je , the interaction part of the hlatniltonian II~.

which describes atom-field coupling, has the form
Ini this paper we consider at oms lhavintg grou nd and

excited-state angular moment a J. 1 and J, or-- ,02 2 2j

(cos I2 k)I~- ~

(1/ = h(lJ/ + Uel(p). (A I) 0 Z

wvhere the Ilamtiltoniani 11 is given 1by

2I =M + Hat + ii~f, ( A2) w~here, z is the atomic center-of-ma.ss posit Rion Iui I he ca.st

V'2 +cs( : i :1/)!1/2 + /2 )(Y 11/21 - +k)(k -31-2)(!0- 11/21 + 77-l 2 (!I 2 V
(A 5)

Thel relaxation diwt sol ztoi-unsii processes is itichided inl the term Riel(1 ').
Using the weaik-field (onhit ion (1.1) onie canil :ilialhat nally eliim~iiate 11ie excited-state popuilations and excited-

groiiitd-st ate colmerences [.1]. Vo0r thle den,1sity v natrix in) mlie Wignt'r represenitat ]ion defiiilsl by

p(:.I) (27,h)-' j ,I - .q) q i Ati)

Ini the .1, case. oliie finlds dw lie(jisist at otiarvN solmit ion

('±1I f~/21 t 1[O/ q ~ hk )i +k- + Ifqi/ T/(1+ tk. ~p ±+kPI±11'2 T 1 /20' ± (,6 + -i[/2) 1 10 l.q 412l

(A 7)

-6(62 f2 I:,/,I) [2I,.q4 1/'2g 1T/201') COS(±I) + 2k:)

+/'q4:I/2.q 11/2(p' + Ilk, :)+ 1)_,:F /.I :F /12(j' - Ilk, ) + c~c. (AS)

'[le ground-st ate poptilattoils evolve as,

/q 12 q±11/2(1'-: [V. : 1/* _,±/(I) - lItk. Zh~~k '~12g 21 Ik '- z~±c

+ I' [(I + q2-)pItp, /.- /"(/'+ hkq. :)+ (I - q1'_P,
1

/ 11i2(1' + hkq. :)]dIq, (A9)

whoirc t lit, miitegmal lertim aicomiumts Itl I Ie( rg-lth11mla 1(m ()f t llost' levels it-stilt Ing frontl I lie etimi~ssiomi of* cicm and ~
limte;rlN Imlai'ize91 phioioits Itmit Ilic ..X61-1 skit', [1 1] s"itlk.t ut11ing l':ts. (A\70 andi (Alt) 111k LIt (A9t) Itt tn'r lcgittmild-
stafte sitblevel mpliblationls. otie arri~vs ;ifth ii,'(lst' s-i of 'eItimion,.
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d I',f / NTIS CRA&l
-P± (1 Z) =- 2p :I,) + 0 : + 2k:)[p)±(p uIk, :) ,"±(v -hk.:)] DI A

11 (2+ l'2/.1) Unannou-icpa¶j

26 if0+2: [±u k:)- -h.:I Justificaic'o

+ 24(6 2 j F'7 ( + 1- 2 &[ ±(1, + lk.(q + 1) , :) + p±(p + hk(q - 1) ,: 'b ottro' 1

+ 2 p± (1 + hk4q, z) cos(T:O + 2k:-)] +I (I - q 2 )[p(p + hk(q + I).) te's

whr ± P +p~(p+ hk(q- 1),:-) + 2 p:F(p-lhkq,:)cos(±0 +2kz)]}dq, (A410)

whr 0 q±112 ±12' ~ '

For ;iii atoml hiavinig J, t lie corresponin~iig e(1 attioils are O

(I2'l(1),+ 1'2/) 8pk 1, )+[ cos( ±0 + 2k--) + cos( TO + 2k: )]11)± (p) + Itk, :)+ p± (p) - hk :)

+-26[3 sin(±O + 2kz) + sii(T 0F + 2k:.)1[p± (1 + hk.:V p± (p, lik.
I'

± Uf 2  [I u I.-

+96(b2 + 112/,1) 1 ( + q") 5p/±(pt+ lik-(t +t 1). _) + 5p)± (,j + hk(q - 1),)

+p± (1 + hkq, ,-)[9 cos(±O +i 2k:) + coN(.+O 1 2k-:)]

+ 2(1 - q-2) [p-T(1 + Itk (q + I ). z) + p/) (1 + Itk (q - I))

+ l'T (1, + hi k . -) c os(± 0 + 2k: ý)] })dq. ( I

Equiationis (A 10) andi~ (A I I) are exactI itindor t lie wveak- lielc assump91t ion (1I -I II. Iill ;ddit ioiu one( ;Lssumes t hat air

atom ic in1oml-emttiii is miuch larger t hall I hat of t e( phiotoni. I hat IS

p > 14. (A 12)

Oil( Call expand~ thlese eqitat ionls to second order. ill hk to arrive at I 1 .(3.2) and9 (3.3) for J1, =+- and 2. respect ively.

[I] .1. l);ilihard alicI C. (olcenl-T.-iiii[oll dji. .1. Opt. Soc. Ai\m. Mietcalf, 3. Opt. Soc. Am. [B G. 21m5 ( t9s!)).
It 6, -102.3 (H ¶89). [13] As shiown in [4]. owing to decrease of the m990119.i111119

[2] P). Un iga r 1 ). Weviss, E. Iliis. anid S. ('fill .1. Opt . Soc. di ffusion cocefficient for large atoi 0111lo e~ci ties. ani actuiial
A\il. It G, 20t58 (1989). capture range is much wider and is no0t restricted'( I)Y econ-

[3] A. Aspect, I-. Arin~oinlo It. lýaiser, N'. Vanle('ikjsle, aiid dition (2.24).
C.(olicn-Tai ioudjii I.1 Opt. Soc. Am. 13 6, 2112 (1989). (14] V. S. 1.etokliov and V. G. M linogin. Ph','. Hlep. 73. 1

W .Casti.a, j. Dalihard, and~ C. ('oliei''icn-tomiiji. ill Light (1!)81)
hinducd Ilinci('t5(' t;J9't of Atom aOn nd Vlolccuilcs,. edited [15] It call lbe shiownu that mtore accurate calculation I('ads to
b) v. I_ \oi . S. (h)~z liii, C . (h.h an 991191 l. E. Ar iliion lo. al199 sortie correction for te lie moeliel u91 difIfusion coefficient9 ill

1. . Struimila ( Ets Editricv, Pisa, 199]). p). 5. lthe limit of very small velocities kvrtr < 0" As the high-
(5] .1. Slieiy, Pliys. Heyv. A 4 1, 5229 ( 1990t), precision calculationi of tire minimal achiiev'able atomic

[6] P). Btermian, Phl ' s. He"v. A\ 43. 11 0 (t 1991) kinietic citergy is riot t ire goal of t~his article, here we do
(7] (;. Nienhuis. P~. van der St ratvti. and S.-Q. Shianig. lPhs. not take into account this correction.

Hte'. A 44. .162 (1P9I1). [16I] Haondbook of Malolic in (Itica Funr ctjo,, edlited by \I.
[91 P1. lett, ft. Watts, (C. West brook, W. Phlillips. P). (hoild. Abrammowitz anld l.A. Stegun ( Dover, Ne\w% York, 197tt).

and Hi. \letcalf, l'livs. Htev Lefl . 61. 169 (1988). [17] Since lthe amplitude ofall etfective laser-ficld potcntial is
P,[ F'felt t, W. Phil~lip~s, S. Holston, C . 'l'ionc'r, l?. WXallis. fouir times lairger for a small angle 0th iai for t0 = ?/

atid C . Wes,-thbrook,.1I. O119. Soc. Am. It 6, 2i18,1 (1989K!). (see Eq. (4.9)]. one mnight expect to) gct 9119991 betteir lo-
(t]I). Weiss. [.. H us. Y. Slie%'Y, P). Uiigar. anid 5. ('1999, .1. calization of cooled aitomts for t0 < I thanl for 0 vvc

Opt. Soc. Amt. It 6. 20t72 (I 989). wlieti F',,(O < I) ;:zE,,(O r/)
fill C . Solotmon, .1. l)aliIbarcl. W. Phillips, A. laiiroln. atid S. [18] ( . (Irynberg, NI. Vallet, and kl. Pinard. l1Iu~s. Hes'. lelt.

;tiu'lati, Ettroldiys. I~ct~t . 12, 683 ( 1990t). 65, 70)1 (19911).
fill It. Sliveehv, S.-Q. slianig. It. Watts, S. flatatilian. ,iiol 1I.


